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INVARIANT /-STRUCTURES IN THE GENERALIZED 
HERMITIAN GEOMETRY 

VITALY V. BALASHCHENKO 


Abstract. We collect the recent results on invariant /-structures in the gen¬ 
eralized Hermitian geometry. Here the canonical /-structures on homogeneous 
fc-symmetric spaces play a remarkable role. Specifically, these structures pro¬ 
vide a wealth of invariant examples for the classes of nearly Kahler /-structures, 
Hermitian /-structures and some others. Finally, we consider all invariant /- 
structures on the complex flag manifold SU{i)/Tmax and describe them in 
the sense of generalized Hermitian geometry. In particular, it presents first 
invariant examples of Killing /-structures. 
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1. Introduction 

Invariant structures on homogeneous manifolds are traditionally one of the 
most important objects in differential geometry, specihcally, in Hermitian geom¬ 
etry. Some remarkable classes of almost Hermitian structures such as Kahler, 
nearly Kahler, Hermitian structures etc. are well known and intensively used in 
geometry and a number of applications. In particular, a special role is played by 
a signihcant class of invariant nearly Kahler structures based on the canonical 
almost complex structure on homogeneous 3-symmetric spaces (see isa, 

|G2j . (Kilj h It should be mentioned that the canonical almost complex structure 
on such spaces became an effective tool and a remarkable example in some deep 
constructions of differential geometry and global analysis such as homogeneous 
structures (jTVj, jSatj . |Ki4j . jGVj . |LVj . jAGj etc.), Einstein metrics f |SWj . 
EH). holomorphic and minimal submanifolds ( jSallj , jSal2j ), real Killing spinors 
f |Gruj . [BFGKj . jKaj 1. 

The concept of generalized Hermitian geometry created in the 1980s (see, for 
example, jKi2j . |Ki7j l is a natural consequence of the development of Hermitian 
geometry and the theory of almost contact structures with many applications. 
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One of its central objects is the metric /-strnctnres of the classical type (/^ + / = 
0), which inclnde the class of almost Hermitian strnctnres. Many important 
classes of metric /-strnctnres such as Kahler, Killing, nearly Kahler, Hermitian /- 
structures and some others were introduced and intensively investigated in various 
aspects (see |Ki2j . jKi5j . |Ki7j ■ |KLj etc.). Specihcally, Killing and nearly Kahler 
/-structures became natural generalizations of classical nearly Kahler structures 
in Hermitian geometry. However, this theory had not provided new invariant 
examples of its own up to the recent period, and so the lack of these examples 
was becoming all the more noticeable. 

There has recently been a qualitative change in the situation, related to the 
complete solution of the problem of describing canonical structures of classical 
type on regular <h-spaces ins2j. A rich collection of canonical /-structures has 
been discovered (including almost complex structures) leading to the presentation 
of wide classes of invariant examples in generalized Hermitian geometry (see IBl- 
|B7j . j(13j and others). In particular, nearly Kahler /-structures were provided 
with a remarkable class of their own invariant examples (see jB6j . jB7j h This has 
ensured a continuation of the classical results of J. A. Wolf, A. Gray, V.F.Kirichenko 
and others. As to Killing /-structures, it is really an essential problem to hud 
proper non-trivial invariant examples of these structures. Moreover, the possibil¬ 
ities for constructing such examples are fairly limited (see EH). 

The main goals of this paper are 

(i) to give a brief survey on invariant structures in generalized Hermitian ge¬ 
ometry and 

(ii) to characterize all invariant /-structures on the flag manifold SU{3)/Tmax 
in the sense of generalized Hermitian geometry, in particular, to present hrst 
invariant examples of Killing /-structures. 

Sections 2-4 are mostly of survey character. In Section 2, we collect some basic 
notions and results on homogeneous regular 4>-spaces and canonical affinor struc¬ 
tures. In particular, a precise description of all canonical structures of classical 
types on homogeneous fc-symmetric spaces is included. Besides, the exact formu¬ 
lae for these structures and the relationship between them on 4- and 5-symmetric 
spaces are presented. 

In Section 3, we recall the main classes of almost Hermitian structures following 
the Gray-Hervella division of almost Hermitian manifolds into sixteen classes (see 
EH). 3esides, we select particular results related to invariant almost Hermitian 
structures. 

Further, in Section 4, we describe main classes of metric /-structures in gener¬ 
alized Hermitian geometry. Here we also formulate the recent results on invariant 
nearly Kahler, Gif-, Hermitian, and Killing /-structures. In this consideration, 
the canonical /-structures on homogeneous 4- and 5-symmetric spaces are espe¬ 
cially important. 

Finally, in Section 5, we examine in detail all invariant /-structures on the com¬ 
plex flag manifold SU{3)/Tmax with respect to all invariant Riemannian metrics. 
We discuss belonging these structures to the main classes of metric /-structures 
above mentioned. In particular, invariant non-trivial Killing /-structures together 
with the corresponding Riemannian metrics are hrst presented. 
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2. Homogeneous regular ^-spaces aud cauouical afRuor structures 

Here we briefly formulate some basic definitions and results related to regular 
<f>-spaces and canonical affinor structures on them. More detailed information 
can be found in lEsa. ma, iMg, Eg. 0 . ei, ei. 

Let G be a connected Lie group, its (analytic) automorphism. Denote by 
the subgroup of all fixed points of <h and the identity component of G^. 
Suppose a closed subgroup H of G satisfies the condition 

Gt CH C G^. 

Then G/H is called a homogeneous ^-space. 

Homogeneous <h-spaces include homogeneous symmetric spaces (<h^ = id) and, 
more general, homogeneous ^-spaces of order k (<h^ = id) or, in the other termi¬ 
nology, homogeneous k-symmetric spaces (see jKoj ). 

For any homogeneous <F-space G/H one can define the mapping 

So = D: G/H G/H, xH <F(x)Lf. 

It is known jSlj that So is an analytic diffeomorphism of G/H. So is usually 
called a ’’symmetry” of G/H at the point o = H. It is evident that in view of 
homogeneity the ’’symmetry” Sp can be defined at any point p G G/H. More 
exactly, for any p = t{x)o = xH, q = T{y)o = yH we put 

Sp = t{x) o So o t{x~^). 

It is easy to show that 

Sp{yH)=x<f>{x-^)<f>{y)H. 

Thus any homogeneous <F-space is equipped with the set of symmetries {Sp \ p E 
G/H}. Moreover, each Sp is an analytic diffeomorphism of the manifold G/H 
(see jSljh 

Note that there exist homogeneous <F-spaces that are not reductive. That 
is why so-called regular <h-spaces first introduced by N.A. Stepanov are of 

fundamental importance. 

Let G/H be a homogeneous $-space, g and t) the corresponding Lie algebras 
for G and H, ip = d^e the automorphism of g. Consider the linear operator 
A = p — id and the Fitting decomposition g = go © gi with respect to A, where 
go and gi denote 0- and 1-component of the decomposition respectively. Further, 
let p = psPu be the Jordan decomposition, where Ps and pu is a semisimple and 
unipotent component of p respectively, PsPu = Vu^s- Denote by g'’' a subspace of 
all fixed points for a linear endomorphism 7 in g. It is clear that f) = = Her A, 

f) C go, f) C g^G 

Definition 1 ([EH, [HEl, [BTo], |Fj ). A homogeneous <F-space G/H is called a 
regular ^-space if one of the following equivalent conditions is satisfied: 

( 1 ) ^ = 0 o; 

( 2 ) g = f) © Ag; 

(3) The restriction of the operator A to Aq is non-singular; 

(4) A^X = 0 ^ AX = 0 for all X G g. 

(5) The matrix of the automorphism p can be represented in the form 
E 0 \ 

0 H matrix B does not admit the eigenvalue 1. 

( 6 ) f)=Q‘^E 

We recall two basic facts: 
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Theorem 1. (jEIl) 

• Any homogeneous ^-space of order k = id) is a regular ^-space. 

• Any regular ^-space is reductive. More exactly, the Fitting decomposition 

(1) 0 = f) © m, m = Ag 

is a reductive one. 

Decomposition (CD is the canonical reductive decomposition corresponding to a 
regular <h-space G/H, and m is the canonical reductive complement. 

We also note that for any regular $-space G/H each point p = xH G G/H is 
an isolated hxed point of the symmetry Sp (see ED). 

Decomposition ([Q) is obviously (p-invariant. Denote by 6 the restriction of ip to 
m. As usual, we identify ra with the tangent space To{G/H) at the point o = H. 
It is important to note that the operator 6 commutes with any element of the 
linear isotropy group Ad{H) (see jS!))- h also should be noted (see [SI]) that 

{dSo)o = 0. 

An affinor structure on a manifold is known to be a tensor held of type (1,1) 
or, equivalently, a held of endomorphisms acting on its tangent bundle. Suppose 
F is an invariant affinor structure on a homogeneous manifold G/H. Then F is 
completely determined by its value Fo at the point o, where Fo is invariant with 
respect to Ad{H). For simplicity, we will denote by the same manner both any 
invariant structure on G/H and its value at o throughout the rest of the paper. 
Definition 2 (ESI1,1bS 2|). An invariant affinor structure F on a regular <I)-space 
G/H is called canonical if its value at the point o = H is a polynomial in 6. 

Denote by A{6) the set of all canonical affinor structures on a regular <I)-space 
G/H. It is easy to see that A{9) is a commutative subalgebra of the algebra A 
of all invariant affinor structures on G/H. Moreover, 

dim A{9) = deg v < dim G/H, 

where v is a minimal polynomial of the operator 9. It is evident that the algebra 
A{9) for any symmetric <I>-space (<F^ = id) consists of scalar structures only, i.e. 
it is isomorphic to M. As to arbitrary regular <I)-space {G/H,^), the algebraic 
structure of its commutative algebra A{9) has been recently completely described 
(see |B9jb 

It should be mentioned that all canonical structures are, in addition, invariant 
with respect to the ’’symmetries” {Sp} of G/H{see |HI|)- Moreover, from {dSo)o = 
9 it follows that the invariant affinor structure Fp = {dSp)p,p G G/H generated 
by the symmetries {5'p} belongs to the algebra A{9). 

The most remarkable example of canonical structures is the canonical almost 
complex structure J = '^{9 — 9“^) on a homogeneous 3-symmetric space (see ED. 
Uni. ED). It turns out that it is not an exception. In other words, the algebra 
A{9) contains many affinor structures of classical types. 

In the sequel we will concentrate on the following affinor structures of classical 
types: 

almost complex structures J (J^ = —1); 

almost product structures P (P^ = 1); 

f-structures (/^ + / = 0) |Y] : 

/-structures of hyperbolic type or, briefly, h-structures {h? — h = 0) |Ki2j . 
Clearly, /-structures and h-structures are generalizations of structures J and P 
respectively. 
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All the canonical strnctnres of classical type on regnlar <h-spaces were com¬ 
pletely described 1bEI],|bH2] ■ jB 8 j . In particular, for homogeneous fc-symmetric 
spaces, precise computational formulae were indicated. For future reference we 
select here some results. 

Denote by s (respectively, s) the number of all irreducible factors (respectively, 
all irreducible quadratic factors) over M of a minimal polynomial u. 

Theorem 2. f |BSlj . jBS2] .|B8j ) Let G/H be a regular ^ -space. 

( 1 ) The algebra A{6) contains precisely 2^ structures P. 

(2) G/H admits a canonical structure J if and only if s = s. In this case 
A{6) contains 2 * different structures J. 

(3) G/H admits a canonical f -structure if and only if s 7 ^ 0. In this caseA{9) 
contains 3^ — 1 different f-structures. Supposes = s. Then 2® f-structures 
are almost complex and the remaining 3^ — 2 ^ — 1 have non-trivial kernels. 

(4) The algebra A{9) contains 3® different h-structures. All these structures 
form a (commutative) semigroup in .4,(6') and include a subgroup of order 
2* of canonical structures P. 


Further, let G/H be a homogeneous fc-symmetric space. Then s = s -|- 1 if 
— 1 G spec9, and s = s in the opposite case. We indicate explicit formulae 
enabling us to compute all canonical /-structures and h-structures. We shall also 
use the notation 


f n if k = 2n 1 
n — 1 if k = 2n 


Theorem 3. 6 jBSlj . [BS2j . jB8j ) Let G/H be a homogeneous ^-space of order k. 

(1) All non-trivial canonical f -structures on G/H can be given by the opera¬ 
tors 

m=l \/=l / 

where Q G {—1; 0; 1}, j = 1, 2,..., u, and not all coefficients Q are zero. 
In particular, suppose that —1 ^ spec 9. Then the polynomials f define 
canonical almost complex structures J iff all Q G { — 1; !}■ 

(2) All canonical h-structures on G/H can be given by the polynomials h = 

fc-i 

am9^, where: 

m=0 

(a) if k = 2n + 1, then 


^k—m 


2 

k 


u 


^/jCOS 


2Trmj 

k 


(b) if k = 2n, then 

am = ak-m = ^ ^ cos d- (-l)™/n j 

Here the numbers fj take their values from the set { —and the 
polynomials h define canonical structures P iff all fj G {—1; 1}. 


We now particularize the results above mentioned for homogeneous <F-spaces 
of orders 3, 4, and 5 only. Note that there are no fundamental obstructions to 
considering of higher orders k. 
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Corollary 1. i^ |BS2j ■ |B 8 j ) Let G/H he a homogeneous ^-space of order ?>. There 
are (up to sign) only the following canonical structures of classical type on G/H: 

j = T{e-e\ p=i. 

We note that the existence of the structure J and its properties are well known 
(see 1021 , 11111 ). 


Corollary 2. f jBS2j . [B^ ) On a homogeneous ^-space of order 4 there are (up 
to sign) the following canonical classical structures: 

P = r-, i(» - «»), IH = i(l - e^), *2 = 1(1 + 

The operators hi and h 2 form a pair of complementary projectors: hi + h 2 = 1, 
h\ = hi, h\ = h 2 . Moreover, the following conditions are eguivalent: 

( 1 ) —1 ^ speed; 

(2) the structure P is trivial P = —1; 

(3) the f-structure is an almost complex structure; 

(4) the structure hi is trivial {hi = 1); 

(5) the structure ^2 is null. 


General properties of the canonical structures P and / on homogeneous 4- 
symmetric spaces were investigated in EQ. 

Corollary 3. (|HHIl,|HE 2 l ■ |B 8 j ) There exist (up to sign) only the following canon¬ 
ical structures of classical type on any homogeneous ^-space of order 5.- 

P= -^{0 - 9^ - 0^ P e^); 

VE 

= a{0 - 0^) - (d{0^ - 0‘^)- J 2 = p{0 - 0^) + a{0‘^ - 0'^)- 

fi = 7{0 - 9^) + S{9^ - 9^); f2 = 6{0 - 0^) - 7(0^ - 9^)-, 

fti = 1(1 + P); ft., = 1(1 - py, 

a = P = 7 = S = 

Besides, the following relations are satisfied: 

Ji P = .J 2 ] fi P = Ji hi = J 2 hi = /i; hi P = hi; ^2 P = —^ 2 ; 

/2 P = J 2 ^2 = — Ji h2 = —f2', fi f2 = hih2 = 0 ; hi + h2 = P 

In addition, the following conditions are eguivalent: 

( 1 ) spec 0 consists of two elements; 

(2) the structure P is trivial; 

(3) the structures Ji and J 2 coincide (up to sign); 

(4) one of the structures fi and f 2 is null, while the other is an almost complex 

structure coinciding with one of the structures Ji and J 2 ; 

(5) one of the structures hi and ^2 is trivial, while the other is null. 

We note that for the hrst time the canonical structure P on homogeneous 5- 
symmetric spaces was introduced and studied in jB(yj . Other canonical structures 
on these spaces were later studied in jOTj-jns]. 

It should be also mentioned that in the particular case of homogeneous <h- 
spaces of any odd order k = 2n + 1 the method of constructing invariant almost 
complex structures was described in jKoj . It can be easily seen that all these 
structures are canonical in the above sense. 
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3. Almost Hermitian structures 


We briefly recall some notions of Hermitian geometry including the main classes 
of almost Hermitian structures. 

Let M be a smooth manifold, X(M) the Lie algebra of all smooth vector helds 
on M, d the exterior differentiation operator. An almost Hermitian structure on 
M (briefly, AH-structure) is a pair {g, J), where g = (•, •) is a (pseudo)Riemannian 
metric on M, J an almost complex structure such that {JX, JY) = {X, Y) for any 
X, H G X(M). It follows immediately that the tensor held H(X, Y) = {X, JY) is 
skew-symmetric, i.e. (M, H) is an almost symplectic manifold. H is usually called 
a fundamental form (the Kdhler form) of an AiL-structure {g, J). 

Further, denote by V the Levi-Civita connection of the metric g on M. We 
recall below some main classes of AiL-structures together with their dehning 
properties (see, for example, Esni): 


K 

Kdhler structure: 

VJ = 0; 

H 

Hermitian structure: 

Vx{J)Y-Vjx{J)JY 

Gi 

AX-structure of class Gi, or 

Gi-structure: 

Xx{J)X-Vjx{J)JX 

QK 

quasi-Kdhler structure: 

Vx{J)Y + Vjx{J)JY 

AK 

almost Kdhler structure: 

dVt = 0; 

NK 

nearly Kdhler structure, 
or NK-structure: 

Vx{J)X = 0. 


It is well known (see, for example, |SH1) that 


KcHcGi; KcNKcGi; NK = Gi H QK; K = H n QK. 

As usual, we will denote by N the Nijenhuis tensor of an almost complex 
structure J, that is, 

A(X, H) = i([JX, JY] - J[JX, Y] - J[X, JY] - [X, H]) 

for any X, H G X{M). Then the condition X = 0 is equivalent to the integrability 
of J (see, for example, |KNj L Moreover, an almost Hermitian structure (s', J) 
belongs to the class H if and only if X = 0 (see, for example, EEl). 

As was already mentioned, the role of homogeneous almost Hermitian mani¬ 
folds is particularly important ’’because they are the model spaces to which all 
other almost Hermitian manifolds can be compared” (see |G3j L A wealth of 
examples for the most classes above noted, both of general and specihc char¬ 
acter, can be found in jWTTj . [HI, inS], lET] and others. In particular, after 
the detailed investigation of the 6 -dimensional homogeneous nearly Kahler mani¬ 
folds V.F.Kirichenko proved jKilj that naturally reductive strictly nearly Kahler 
manifolds S'0(5)/f/(2) and SU{3)/Tmax are not isometric even locally to the 
6 -dimensional sphere S'®. These examples gave a negative answer to the conjec¬ 
ture of S.Sawaki and Y.Yamanoue (see |SaYaj i claimed that any 6 -dimensional 
strictly XX-manifold was a space of constant curvature. It should be noted 
that the canonical almost complex structure J = -^{0 — 0^) on homogeneous 
3-symmetric spaces plays a key role in these and other examples of homogeneous 
AX-manifolds. 

Let G be a connected Lie group, H its closed subgroup, g an invariant (pseudo- 
)Riemannian metric on the homogeneous space G/H. Denote by g and t) the Lie 
algebras corresponding to G and H respectively. Suppose that G/H is a. reductive 
homogeneous space, 0 = 1) © m the reductive decomposition of the Lie algebra 
0 . As usual, we identify m with the tangent space To{G/H) at the point o = H. 
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Then the invariant metric g is completely defined by its value at the point o. For 
convenience we denote by the same manner both any invariant metric g on G/H 
and its value at o. 

Recall that {G/H,g) is naturally reductive with respect to a reductive decom¬ 
position 0 = [) © m (ENj if 

g{[X,YU,Z)=g{X, [Y, Z]^) 

for all X,Y, Z G m. Here the subscript m denotes the projection of g onto m with 
respect to the reductive decomposition. 

We select here some known results closely related to the main subject of our 
future consideration. 

Theorem 4. f|AGjj Any invariant almost Hermitian structure on a naturally 
reductive space {G/H,g) belongs to the class Gi. 

Theorem 5. f jWGj . |G2j ) A homogeneous '^-symmetric space G/H with the 
canonical almost complex structure J and an invariant compatible metric g is 
a quasi-Kabler manifold. Moreover, {G/H, J, g) belongs to the class NK if and 
only if g is naturally reductive. 

Theorem 6. f |Maj . j(f4j . jKibj ) A Q-dimensional strictly nearly Kdhler manifold 
is Einstein. 

Note that the latter result was obtained in |Ki6j as a particular case of the 
general approach based on investigating nearly Kahler manifolds of constant type. 

4. Metric /-structures and homogeneous manifolds 

The concept of the generalized Hermitian geometry created in the 1980s (see, 
for example, jEl2], [Em, lEIH]) was a natural consequence of the development 
of Hermitian geometry and the theory of almost contact metric structures with 
many applications. One of its central objects is the metric /-structures of classical 
type, which include the class of almost Hermitian structures. We recall here some 
basic notions. 

An f -structure on a manifold M is known to be a field of endomorphisms / 
acting on its tangent bundle and satisfying the condition /^ + / = 0 (see jYj)- 
The number r = dim Im f is constant at any point of M (see jStj) and called a 
rank of the /-structure. Besides, the number dim Ker f = dim M — r is usually 
said to be a deficiency of the /-structure and denoted by def f. 

Recall that an /-structure on a (pseudo)Riemannian manifold {M,g = (•,•)) is 
called a metric f-structure, if {fX,Y) + {X,fY) = 0, X, T G X(M) (see |Ki2j i. 
In the case the triple {M,g,f) is called a metric f-manifold. It is clear that the 
tensor field r2(X, Y) = {X, fY) is skew-symmetric, i.e. H is a 2-form on M. H is 
called a fundamental form of a metric /-structure Em, |Ki2j . It is easy to see 
that the particular cases def / = 0 and def / = 1 of metric /-structures lead to 
almost Hermitian structures and almost contact metric structures respectively. 

Let M be a metric /-manifold. Then j£(M) = £ © AA, where C = Im f 
and AA = Ker f are mutually orthogonal distributions, which are usually called 
the first and the second fundamental distributions of the /-structure respectively. 
Obviously, the endomorphisms I = —p and m = id + p are mutually com¬ 
plementary projections on the distributions C and Af respectively. We note 
that in the case when the restriction of to £ is non-degenerate the restric¬ 

tion {F, g) of a metric /-structure to C is an almost Hermitian structure, i.e. 
= -id, {FX, FY) = {X, Y), X,Y eC. 
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A fundamental role in the geometry of metric /-manifolds is played by the 
composition tensor T, which was explicitly evaluated in jKi7j : 

(2) T{X, Y) = \nV,x(f)fY - Vpx(fjfy), 

where V is the Levi-Civita connection of a (pseudo)Riemannian manifold {M,g), 
X,Y e X(M). 

Using this tensor T, the algebraic structure of a so-called adjoint Q-algebra in 
X(M) can be dehned by the formula: 

X *Y = T{X,Y). 


It gives the opportunity to introduce some classes of metric /-structures in terms 
of natural properties of the adjoint Q-algebra (see jKi2j . jKi7j h 

We enumerate below the main classes of metric /-structures together with their 


dehning properties: 

Kf Kdhler f -structure: 

Hf Hermitian f -structure: 


Gif 

/-structure of class Gi, or 


Gif-structure: 

QKf 

quasi-Kdhler f -structure: 

Kill f 

Killing f -structure: 

NKf 

nearly Kdhler f -structure, 


or NKf-structure: 


V/ = 0; 

T{X,Y) = 0, i.e. X(M) is 
an abelian Q-algebra; 

T{X,X) = 0, i.e. X(M) is 
an anticommutative Q-algebra; 
Vx/ + Tx/ = 0; 

Vx(/)X = 0; 

Vfx{f)fX = 0. 


The classes Kf, Hf, Gif, QKf (in more general situation) were introduced in 
IKS] (see also 0). Killing /-manifolds Kill f were dehned and studied in ICQI, 
Eg. The class NKf was hrst determined in jBlj (see also ra. Ea). 

The following relationships between the classes mentioned are evident: 


Kf = Hf n QKf; Kf C Hf C Gif; Kf C Kill f C NKf C Gif. 


It is important to note that in the special case / = J we obtain the corresponding 
classes of almost Hermitian structures (see EHl). In particular, for / = J the 
classes Kill f and NKf coincide with the well-known class NK of nearly Kdhler 
structures. 

Remark 1. Killing /-manifolds are often dehned by requiring the fundamental 
form H to be a Killing form, i.e. dfl = VH (see Eni, |KLj h It is not hard to 
prove that the dehnition is equivalent to the above condition Xx{,f)X = 0. 

Indeed, in accordance with EBl. H is a Killing 2-form if and only if VH is a 
3-form. Further, using we have 

(3) (VH)(X, Y-,Z) = Z H(X, Y) - n{VzX, Y) - H(X, VzK). 

It follows that VH is always skew-symmetric in arguments X and Y. Using the 
fact, it is easy to see that VH is a 3-form if and only if VH is skew-symmetric in 
Y and Z: 


(4) (VH)(X,K;Z) = -(VH)(X,Z;K). 

Taking into account formula © and the dehnition of H, condition (jH) can be 
written in the form: 

Z{X, fY)-{VzX, fY)-{X, fVzY)+Y{X, fZ)-{XYX, fYZ)-{X, fXyZ) = 0. 

Since V is the Levi-Civita connection, in particular, we have: 

Z{X,Y) = {VzX,Y) + {X,VzY). 

9 






It follows that the previous formula can be written in the form: 

(X, VzfY - fWzY) + {X, Vyfz - fXyZ) = 0. 

Using the formula Vxif)Y = XxfY — fXxY, we get: 

{X,Xz{f)Y + Xyif)Z) = 0. 

It implies that Vz{f)Y + Vy{f)Z = 0 for any Y, Z e X{M). This is obviously 
equivalent to the condition Vx{f)X = 0, X G X{M). □ 

Now we dwell on invariant metric /-structures on homogeneous spaces. 

Any invariant metric /-structure on a reductive homogeneous space G/H de¬ 
termines the orthogonal decomposition m = mi © m 2 such that mi = Im /, 
m 2 = Ker f. 

As it was already noted (see Section 3), the main classes of almost Hermitian 
structures are provided with the remarkable set of invariant examples. It turns 
out that there is also a wealth of invariant examples for the basic classes of metric 
/-structures. These invariant metric /-structures can be realized on homogeneous 
/c-symmetric spaces with canonical /-structures. We select here some results in 
this direction. More detailed information can be found in jBlj - |B7j . j(13j . [Lij . 

Theorem 7. f jB5j ) Any invariant metric f-structure on a naturally reductive 
space {G/H,g) is a Gif -structure. 

As a special case {Ker / = 0), h follows Theorem EJ 

Theorem 8. f |B5j ) Let {G/H,g, f) he a naturally reductive space with an invari¬ 
ant metric f-structure that satisfies the condition [mi,mi] C m 2 © 1). Then G/H 
is a Hermitian f-manifold. 

We note that Theorem |H1 is also valid for arbitrary invariant (pseudo)Riemanni- 
an metric g compatible with an invariant /-structure on a reductive homogeneous 
space G/H (see |BVj 1. 

Theorems [7| and IHl can be effectively provided with a large class of examples. In 
particular, for a semi-simple group G, the invariant (pseudo)Riemannian metric g 
generated by the Killing form on any regular $-space G/H is naturally reductive 
with respect to the canonical reductive decomposition 0 = f) © m (see jEI])- 
Moreover, all canonical structures / and J on homogeneous naturally reductive k- 
symmetric spaces are compatible with such a metric, i.e. / is a metric /-structure, 
J is an almost Hermitian structure (see |Blj . msi). In what follows, we mean by 
a naturally reductive decomposition the canonical reductive decomposition for a 
regular <I)-space G/H. To sum up, we have 

Theorem 9. f jB5j ) Let {G/H,g) be a naturally reductive k-symmetric space. 
Any canonical metric f -structure on G/H is a Gif-structure, and any canonical 
almost Hermitian structure J is a Gi-structure. 

Theorem 10. f jB6j . |B7j ) Let G/H be a regular ^-space, g a naturally reductive 
metric on G/H with respect to the canonical reductive decomposition g = f) © m, 
/ a metric canonical f -structure on G/H. Suppose the f -structure satisfies the 
condition p = ±0 /. Then {G/H, g, f) is a nearly Kdhler f-manifold. 

Corollary 4. f |B6j . |B7j ) Let {G/H,g) be a naturally reductive homogeneous <h- 
space of order k = An, n >1. If {i, —i] C spec 9, then there exists a non-trivial 
canonical NKf -structure on G/H. 

We stress the particular role of homogeneous 4- and 5-symmetric spaces. 
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Theorem 11. i^ jB3j - |B7j ) The canonical f-structure f = ^{9 — 9^) on any nat¬ 
urally reductive A-symmetric space {G/H,g) is both a Hermitian f-structure and 
a nearly Kdhler f -structure. Moreover, the following conditions are equivalent: 

1) f is a Kdhler f-structure; 2) f is a Killing f -structure; 3) f is a quasi-Kdhler 
/-structure; 4) f 'Is an integrable f-structure; 5) [mi, mi] C (); 6) [mi, m 2 ] = 0; 
7j G/H is a locally symmetric space: [m, m] C (). 

Theorem 12. / jB2j - |B^ . jB7j . j(73j ) Let {G/H,g) be a naturally reductive 5- 
symmetric space, fi and f 2 , Ji and J 2 the canonical structures on this space. 
Then fi and f 2 belong to both classes Hf and NKf. Moreover, the following 
conditions are equivalent: 

1) fI is a Kdhler f -structure; 2) f 2 is a Kdhler f -structure; 3) fi is a Killing 
f -structure; 4) fi is a Killing f -structure; 5) fi is a quasi-Kdhler f -structure; 6) 
f 2 is a quasi-Kdhler f -structure; 7) fi is an integrable f -structure; 8) f 2 is an 
integrable /-structure; 9) Ji and J 2 are NK-structures; 10) [mi, m 2 ] = 0 (here 
mi = Im fi = Ker f 2,^2 = /2 = Ker fi); 11) G/H is a locally symmetric 

space: [m, m] C f). 

It should be mentioned that Riemannian homogeneous 4-symmetric spaces 
of classical compact Lie groups were classihed and geometrically described in 
jj]. The similar problem for homogeneous 5-symmetric spaces was considered in 
na. By Theorem and Theorem it presents a collection of homogeneous 
/-manifolds in the classes NKf and Hf. Note that the canonical /-structures 
under consideration are generally non-integrable. 

Besides, there are invariant iVK/-structures and if/-structures on homoge¬ 
neous spaces {G/H,g), where the metric g is not naturally reductive. The exam¬ 
ple of such a kind can be realized on the 6-dimensional Heisenberg group {N,g). 
As to details related to this group, we refer to |Kalj . |Ka2j . jTVj . 

Theorem 13. f jB5j - |B7] ) The 6-dimensional generalized Heisenberg group {N,g) 
with respect to the canonical /-structure f = \{9 — 9^) of a homogeneous ^-space 
of order 4 is both Hf- and NKf -manifold. This /-structure is neither Killing 
nor integrable on {N,g). 

Remark 2. Theorems cu and m in particular, illustrate simultaneously the 
analogy and the difference between the canonical almost complex structure J on 
homogeneous 3-symmetric spaces {G/H,g,J) and the canonical /-structure on 
homogeneous 4-symmetric spaces {G/H,g,f) (see Theorem El). 

Let us also remark that the 6-dimensional generalized Heisenberg group {N, g) 
is an example of solvable type. In Section 5, we present NiL/-structures with 
non-naturally reductive metrics in the case of semi-simple type. 

Finally, we briefly discuss the existence problem for invariant Killing /-structu¬ 
res. By Theorems IIII and IT^ the canonical /-structures on naturally reductive 4- 
and 5-symmetric spaces are never strictly (i.e. non-Kahler) Killing /-structures. 
Moreover, we recall the following general result: 

Theorem 14. f |B4j ) Let [G/H, g, f) be a naturally reductive Killing f-manifold. 
Then the following relations hold: 

[mi, mi] C mi © 1), [m 2 , m 2 ] C m 2 © f), [mi, m 2 ] C 1). 

In particular, both the fundamental distributions of the Killing /-structure gen¬ 
erate invariant totally geodesic foliations on G/H. 

By the results in ESH and Theorem d it follows 
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Corollary 5. / |B4j ) There are no non-trivial (i.e. def f > 0) invariant Killing 
f-structures of the so-called fundamental type (see ESH; on naturally reductive 
homogeneous spaces {G/H,g). 

This fact is a wide generalization of the similar result of A.Gritsans obtained for 
Riemannian globally symmetric spaces. Besides, it shows a substantial difference 
between invariant Killing /-structures and invariant iVii'-structures. 

In Section 5, we will indicate, in particular, first examples of invariant Killing 
/-structures. 


5. Invariant /-structures on the complex 
flag manifold M = SU(3)/Tmax 

In this Section, we will consider all invariant /-structures on the flag man¬ 
ifold M = SU{3)/Tmax- Note that invariant almost complex structures (i.e. 
/-structures of maximal rank 6 ) on this space were investigated in ini], fATTTT] . 
jAGI2j and many other papers. 

The homogeneous manifold SU{3)/Tmax is known to be an important ex¬ 
ample in many branches of differential geometry and beyond. In particular, 
M = SU{3)/Tmax is a Riemannian homogeneous 3-symmetric space not home- 
omorphic with the underlying manifold M of any Riemannian symmetric space 
(see CEU). Further, M is a homogeneous /c-symmetric space for any k > 3. 
Moreover, M is a naturally reductive Riemannian homogeneous space that is 
non-commutative (see jJ2]). It means that the algebra of invariant differen¬ 
tial operators V{SU{3)/Tmax) is not commutative (see |Hlj b It follows that 
M = SU{3)/Tmax is not even a weakly symmetric space (see, for example, [VTjb 

Besides, M is the twistor space for the projective space CP^ (see, for example, 
[Be], Chapter 13). It was a key point for constructing the first examples of 6 - 
dimensional Riemannian manifolds admitting a real Killing spinor (see [BFGKj b 
More exactly, the flag manifold M = SU{3)/Tmax with the nearly Kahler struc¬ 
ture {g, J) just possesses a real Killing spinor (see [BFCKj . |Crnj ). Moreover, 
using the duality procedure for this space SU{3)/Tmax, one can effectively con¬ 
struct pseudo-Riemannian homogeneous manifolds with the real Killing spinors 
(see |Kaj l. 

Let $ = /(s) be an inner automorphism of the Lie group SU{3) dehned by the 
element s = diag {e,e, 1), where £ is a primitive third root of unity. Then the 
subgroup H = of all hxed points of <F is of the form: 

= {diag{G^\e^^\ + /?2 + /^s = 0, e M}. 

Obviously, G^ is isomorphic to = Tmax diagonally imbedded into SU{3). It 
means that the flag manifold M = SU{3)/Tmax is a homogeneous 3-symmetric 
space dehned by the automorphism <F. 

Consider the canonical reductive decomposition g = 1) © m of the Lie algebra 
g = su(3) for the homogeneous <h-space M. Using the notations in |R,lj . we 
obtain: 



' / ai a c \ 

Oi, a 2 , as G Im C, I 

g = su(3) = < 

\ -d 02 b \ 

a, 6 , c G C, / 


^ \ -c -b 03 J 

ai + a 2 + as = 0 J 


= E{ai, 0 ( 2 , as) © D{a, 6 , c) = f) © m. 

If we put X = D{a,b,c),Y = D{ai,bi,ci), Z = P(ai,a 2 ,a 3 ), then the Lie 
brackets can be briehy indicated (see |H, 2 j ): 
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[X, Y] = D{hci — 6 ic, cai — cia, ahi — aih) — 
2E{Im{aai + cci), Imiaai + 661 ), Im{cci + bbi)), 


[Z^ X'^ — D(^C(i(i — 002) 0'2b — bu^^ ctsc — coi). 

Further, we put m = mi © m 2 © nra, where 

mi = {X G su(3)|X = D(a, 0, 0), a G C}, 

m 2 = {X G su(3)|X = D{0, b, 0), b G C}, 

m 3 = {X G su(3)|X = D{0, 0, c), c G C}. 

Using the Killing form of the Lie algebra 5 u( 3 ), we dehne an invariant inner 
product on m: 

go{X, Y) = {X, Y), = —Re tr XY. 

Then (see EH) 0 = f) ©mi ©m 2 ©m 3 is (■, ■)o-orthogonal decomposition satisfying 
the following relations: 

[f),mj] C mj, [mj,mj] C f), [mj,mj+i] C m^+a, 

where j = 1,2,3 and the index j should be reduced by modulo 3. Besides, the 
iL-modules m^ are pairwise non-isomorphic. 

Now we turn to invariant Riemannian metrics on M. Taking into account the 
well-known one-to-one correspondence between G-invariant Riemannian metrics 
on G/H and Ad{H)-mvaiia.nt inner products on m (see jKNj h we will make use 
of the following fact: 

Lemma 1. f |R,lj ) Any SU{3)-invariant Riemannian metric g = (•, •) on the flag 
manifold M = SU{3)/Tmax can he written in the form 

9 {■) ■) •^l(‘) ■)o|mixmi T •^ 2 (‘) ■)o|m 2 Xm 2 T A 3 (-, •)o|m 3 Xm 3 ) 

where Xj > 0, j = 1, 2, 3. 

A triple (Ai,A 2 ,A 3 ) is called jHlj a characteristic collection of a Riemannian 
metric g above mentioned . Considering Riemannian metrics up to homothety, 
one can assume that (Ai, A 2 , A 3 ) = (1, t, s), t > 0,s > 0. For convenience we will 
denote this correspondence in the following way: g = (Ai, A 2 , A 3 ) or = ( 1 , f, s). 
We also recall the following result: 

Theorem 15. f |ZWj ■ jANj . jRlj ) There are exactly (up to homothety) the follow¬ 
ing invariant Einstein metrics on the flag manifold SU{3)/Tmax '■ 

( 1 , 1 , 1 ),( 1 , 2 , 1 ),( 1 , 1 , 2 ),( 2 , 1 , 1 ). 

Let a be the Nomizu function (see jNj) of the Levi-Civita connection V for an 
invariant Riemannian metric g = (■, ■) on a reductive homogeneous space G/H. 
Then 

(5) a(X,K) = i[X,y],, + U(X,y), X,KGm, 

where U :mxm—s>misa symmetric bilinear mapping determined by the formula 
(seejKN]): 

2(U(X, Y),Z) = (X, [Z, K],,) + ([Z, X],,, Y). 

For our case in these notations we have 
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Lemma 2. dsi ■ jR2j ) For the Levi-Civita connection of a Riemannian metric 
g = (Ai,A 2 ,A 3 ) on the flag manifold SU{3)/Tmax the following conditions are 
satisfied: 

U{X,Y)=0, if €{1,2,3}; 

U{XX) = \+2)[X,YI if X em,+uY emj+2, 

where j = 1, 2, 3 and the numbers j are reduced by modulo 3. 

Let us now turn to invariant /-structures on M = SU{3)/Tmax- Keeping the 
above notations, any invariant /-structure on M can be expressed by the mapping 


(6) / ; D{a, b, c) D^Cfla, ( 2 *^ (sic), 

where Q G {1,0,—1}, j = 1,2,3, i is the imaginary unit. We will call the 
collection (Ci,C 2 ,C 3 ) ^ characteristic collection of the invariant /-structure and 
for convenience denote / = (Ci, ( 2 , Cs)- Obviously, all invariant /-structures on M 
pairwise commute. 

If we agree to consider /-structures up to sign, then there are the following 
invariant /-structures on M = SU[3)/T^ax'- 

1) invariant f -structures of rank 6 (invariant almost complex structures): 

Jl = (1,1,1), J2 = (l,-l,l), J3=(l,l,-1), J4 = (l,-1,-1). 

2) invariant f-structures of rank 4: 

A = (1,1,0), A = (1,0,1), A = (0,1,1), 

A = (1, - 1 ,0), A = (1, 0 , -1), A = (0, 1 , -1). 

3 ) invariant f-structures of rank 2: 

A = (1,0,0), A = (0,1,0), A = (0,0,1). 

Our description of all invariant /-structures and all invariant Riemannian met¬ 
rics evidently implies that any invariant /-structure / = (Ci)C 2 ,C 3 ) K a metric 
/-structure with respect to any invariant Riemannian metric g = (Ai,A 2 ,A 3 ). 
In particular, Jj, j = 1,2, 3,4 are invariant almost Hermitian structures with 
respect to all invariant Riemannian metrics g = (Ai, A 2 , A 3 ). 

Now we are able to investigate all invariant /-structures in the sense of gener¬ 
alized Hermitian geometry, i.e. the special classes Kf, NKf, Kill f, Hf, Gif. 

A key point of our consideration belongs to the expression Vx(/)K. Using 
formula ©, we get: 

Vx(/)K = XxfY - fVxY = a{X, fY) - fa{X, Y) 

= i([X, fYU - f[X, y]n^) + U{X, fY) - fU{X, Y). 

As a result, we can obtain: 

(7) Xx{f)Y = ^D{A,B,C),where 

A = i((Ci + C3)(l + s — t)bci + (A + C 2 )(’S — t — l)feic), 

B = i((C2 + Ci)(l H-^—)cai + (C2 + C 3 )(— -l)cia), 

O = iiiCs + C2)(-1" l)a&i + (C 3 + Ci)(-l)ai6)- 

s s 
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5.1. Kahler /-structures. Kahler /-structures are defined by the condition 

= 0 (see Section 4). Using formula (|7j), this condition is equivalent 
to the following system of equations: 

f (Cl + C3)(s — t + 1) = 0 

(8) (Ci + C2 )(s-t-l) = 0 

[ (C2 + C3)(s + t-l) = 0 

Solving system (jH|) for all invariant /-structures, we obtain the following result: 

Proposition 1. The flag manifold M = SU{3)/Tmax admits the following invari¬ 
ant Kahler f -structures with respect to the corresponding invariant Riemannian 
metrics only: 

J 2 = (l,-l,l), gt = {lflfl-l), t>l- 
J 3 = (l,l,-1), gt = {lflfl + l), t>0; 

J 4 = (1,-1,-1), gt = {lfl,l-t), 0<t<l. 

In particular, there are no invariant Kahler f -structures of rank 2 and A on M. 

We note that the result is known for invariant almost complex structures (see 
|(f3j . [A(fI2j i. We can also observe that for each of Kahler /-structures J 2 , J 3 , J 4 
the corresponding 1-parameter set gt of invariant Riemannian metrics contains 
exactly one Einstein metric excluding the naturally reductive metric g = (1,1,1) 
(see Theorem ITH|l . Taking into account TheoremEl the latter fact implies that the 
structures J 2 , J 3 , Ja cannot be realized as the canonical almost complex structures 
J = ^( 6 ^ — 0^) for some homogeneous <h-spaces of order 3. 

In addition, Lie brackets relations for the subspaces rUj, j = 1, 2, 3 imply that 
all invariant /-structures of rank 2 and 4 are non-integrable. It immediately 
follows that these /-structures cannot be Kahler /-structures. 

5.2. Killing /-structures. The defining condition for Killing /-structures can 
be written in the form Vx{f)X = 0 (see Section 4). From ((7j), it follows 

Vx{f)X = ^D{Ao,Bo,Co),where 

Ao = ibc{{(i -|- C3)(l -t- s — f) -|- (Cl + C 2 ){s — t — 1)), 

Bo = ica{{C 2 + Ci)(l 3- - —) + (C 2 + C3)(— - -1)); 

Co = iabflCs -\- ( 2 ){ -1" 1) + (C 3 + Ci)(-1))- 

s s 

It easy to show that the condition Vx(/)W = 0 is equivalent to the following 
system of equations: 

f (Cl + C 3 )(s — t + 1 ) + (Cl + C 2 )(’S — t — 1 ) = 0 

\ (Cl + C2)(s — t — 1 ) + (C2 + C3)(-S + t — 1 ) = 0 

Analyzing this system for all invariant /-structures, we obtain the following result: 

Proposition 2. All invariant strictly Killing (i.e. non-Kdhler) f -structures on 
the flag manifold M = SU{3)/Tmax and the corresponding invariant Riemannian 
metrics (up to homothety) are indicated below: 

Ji = (1,1,1), ^7 = (1,1,1); 

/i = (1,1,0), ^7 = (3,3,4); 

/2 = (1,0,1), ^7 = (3,4,3); 

/3 = (0,1,1), = (4,3,3). 
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In particular, there are no invariant Killing f -structures of rank 2 on M. 


Note the structure Ji is a well-known non-integrable nearly Kahler structure 
on a naturally reductive space M (see [HI], jKilj . |A(Tl2j and others). The 
structures /i,/ 2,/3 present first invariant non-trivial Killing /-structures 
The important feature of these structures is that the corresponding invariant 
Riemannian metrics are not Einstein (see Theorem EH). It illustrates a sub¬ 
stantial difference between non-trivial strictly Killing /-structures and strictly 
iVK-structures at least in the 6 -dimensional case (see Theorem El). 

Remark 3. It is interesting to note that all strictly Killing /-structures above 
indicated are canonical /-structures for suitable homogeneous <I>-spaces of the Lie 
group SU{3). We already mentioned that M = SU{?>)/Tmax is a homogeneous 
fc-symmetric space for any k > 3. It means M as an underlying manifold could 
be generated by various automorphisms $ of the Lie group SU{3). In particular, 
Ji is the canonical almost complex structure J = fhe homogeneous 

•h-space of order 3, where $ = /(s), s = diag {e,e, 1), £ = ^ (see the beginning 
of this Section). Further, if we consider the automorphism <hi = I{si), si = 
diag {i, —i, 1 ), where i = is the imaginary unit, then M is a homogeneous 
<hi-space of order 4. The corresponding canonical /-structure / = — 9f) 

for this <I)i-space just coincides (up to sign) with the /-structure /s = ( 0 , 1 , 1 ). 
The structures /i and /2 can be obtained in the similar way. Moreover, all the 
structures fi, f 2 , fs and fryfsyfg can be realized as canonical /-structures for 
suitable homogeneous d>-spaces of order 5. 

We also note that all /-structures fi, f 2 , fs are just the restrictions of the 
structure Ji onto the corresponding distributions trip © m^, p,qE {1,2,3}. 

5.3. Nearly Kahler /-structures. Using o. we can easily obtain: 

Vfx{f)fX = ^DiA,B,C),where 

A = —iC2C3^c((Cl + C3)(l + -S — t) + (Cl + C2)(s — t — 1)), 

B = -iCiC3C«((C2 + Cl)(l + 1/^) + (C2 + C3)(l/^ - 1)). 

C — —2CiC2(2^((C3 + C2)(— -^ 1) + (C 3 + Cl)(— -I))' 

It follows that the condition V/x(/)/W = 0 is reduced to the following system 
of equations: 

f C2C3((Cl + C3)(S - t + 1) + (Cl + C2)(S - t - 1)) = 0 
< ClC3((C2 + +t-s) + (C 2 + C 3 )(l - S - t)) = 0 

[ ClC2((C3 + C2){t + S-1) + (C 3 + Cl){t-S- 1)) = 0 

Consideration of this system implies 

Proposition 3. The only invariant strictly nearly Kahler (i.e. non-Kdhler) f- 
structure of rank 6 on the flag manifold M = SU{3)/Tmax is the nearly Kahler 
structure Ji = ( 1 , 1 , 1 ) with respect to the naturally reductive metric g = ( 1 , 1 , 1 ). 

Invariant strictly nearly Kahler f -structures of rank 4 and the corresponding 
invariant Riemannian metrics (up to homothety) on M are: 

fi = ( 1 , 1 , 0 ), gs = ( 1 , 1 , s), s > 0 ; 

/2 = ( 1 , 0 , 1 ), gt = il,t,l), t> 0 ; 

/3 = ( 0 , 1 , 1 ), gt = il,t,t), t> 0 . 
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The invariant f -structures fj, fs, fg of rank 2 on M are strictly NKf -structures 
with respect to all invariant Riemannian metrics g = {l,t,s), t,s > 0. 

First we notice that the structures /i,/ 2,/3 and /y,/sj/g provide invariant 
examples of NKf-stiuctmes with non-naturally reductive metrics on the homo¬ 
geneous space M = SU{3)/Tmax, which belongs to a semi-simple type. 

We can also observe that for any invariant strictly /-structure on M there 
exists at least one (up to homothety) corresponding Einstein metric. More ex¬ 
actly, for these iViF/-structures of rank 6 , 4, and 2 there are (up to homothety) 
1, 2, and 4 Einstein metrics respectively (see Theorem USD. In a certain degree, 
it is a particular analogy with the result of Theorem IHl This particular fact and 
some related general results lead to the following conjecture, which seems to be 
plausible: 

Conjecture. For any strictly nearly Kahler /-structure on a 6 -dimensional 
manifold there exists at least one corresponding Einstein metric. 

Remark 4. The invariant /-structures f^, f^, /e on the flag manifold M = 
SU{3)/Tmax cannot be canonical /-structures for all homogeneous <F-spaces of 
orders 4 and 5 of the Lie group SU{3). It evidently follows by comparing the 
results in Theorem m Theorem d and Propositional 

5.4. Hermitian /-structures. First let us calculate the composition tensor T 
(see formula m ) for arbitrary invariant /-structure on (M = SU{3)/Tmax, 9 = 
(l,t,s)). Combining ((Tj) and (0, we can obtain: 

(9) T{X,Y) = -D{A,B,C),where 
8 

^ = —ClC2C3(l + C2C3)((Cl + C3)(l + S — t)bCi (Cl + C2){s — t — l)6ic), 

B = —CiC2C3(l + CiC3)((C2 + Ci)(l H-^—)caT + (C 2 + C3)(— -l)cia), 

C = —CiC2C3(l + CiC2)((C3 + C 2 )(-1" l)a&i + (C 3 + Ci)(-l)ai6). 

s s 

We recall that the dehning property for a Hermitian /-structure is the condition 
T{X, Y) = 0. Now from ©, we get the following result: 

Proposition 4. The invariant f -structures J 2 , J 3 , J 4 and /i, ..., /g are Hermit¬ 
ian f -structures with respect to all invariant Riemannian metrics g = (l,t, s), 
t,s > 0 on the flag manifold M = SU{3)/Tmax- 

Notice that the almost complex structure Ji = (1,1,1) is non-integrable. It 
agrees with the fact that Ji is not a Hermitian /-structure for each Riemannian 
metric. While we stress that all /-structures /i,..., /g of rank 4 and 2 are non- 
integrable, but they are Hermitian /-structures. 

5.5. Gif-structures. Finally, we consider the condition T{X,X) = 0, which 
is the dehning property for Gi/-structures. Using m and taking into account 
Propositions El and m we get 

Proposition 5. The flag manifold M = SU{3)/Tmax does not admit invariant 
strictly Gif-structures (i.e. neither NK f-structures nor H f-structures). In par¬ 
ticular, there are no invariant strictly Gi-structures J (i.e. neither nearly Kahler 
nor Hermitian) on M . 
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